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SUMMARY

Developed herein is an improved pushover analysis procedure based on structural dynamics theory,
which retains the conceptual simplicity and computational attractiveness of current procedures with in-
variant force distribution. In this modal pushover analysis (MPA), the seismic demand due to individual
terms in the modal expansion of the e<ective earthquake forces is determined by a pushover analysis
using the inertia force distribution for each mode. Combining these ‘modal’ demands due to the ?rst two
or three terms of the expansion provides an estimate of the total seismic demand on inelastic systems.
When applied to elastic systems, the MPA procedure is shown to be equivalent to standard response
spectrum analysis (RSA). When the peak inelastic response of a 9-storey steel building determined by
the approximate MPA procedure is compared with rigorous non-linear response history analysis, it is
demonstrated that MPA estimates the response of buildings responding well into the inelastic range to
a similar degree of accuracy as RSA in estimating peak response of elastic systems. Thus, the MPA
procedure is accurate enough for practical application in building evaluation and design. Copyright
? 2001 John Wiley & Sons, Ltd.
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INTRODUCTION

Estimating seismic demands at low performance levels, such as life safety and collapse pre-
vention, requires explicit consideration of inelastic behaviour of the structure. While non-linear
response history analysis (RHA) is the most rigorous procedure to compute seismic demands,
current civil engineering practice prefers to use the non-linear static procedure (NSP) or
pushover analysis in FEMA-273 [1]. The seismic demands are computed by non-linear static
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analysis of the structure subjected to monotonically increasing lateral forces with an invariant
height-wise distribution until a predetermined target displacement is reached. Both the force
distribution and target displacement are based on the assumption that the response is controlled
by the fundamental mode and that the mode shape remains unchanged after the structure yields.
Obviously, after the structure yields, both assumptions are approximate, but investigations

[2–9] have led to good estimates of seismic demands. However, such satisfactory predictions
of seismic demands are mostly restricted to low- and medium-rise structures provided the
inelastic action is distributed throughout the height of the structure [7; 10].
None of the invariant force distributions can account for the contributions of higher modes

to response, or for a redistribution of inertia forces because of structural yielding and the
associated changes in the vibration properties of the structure. To overcome these limitations,
several researchers have proposed adaptive force distributions that attempt to follow more
closely the time-variant distributions of inertia forces [5; 11; 12]. While these adaptive force
distributions may provide better estimates of seismic demands [12], they are conceptually
complicated and computationally demanding for routine application in structural engineering
practice. Attempts have also been made to consider more than the fundamental vibration mode
in pushover analysis [12–16].
The principal objective of this investigation is to develop an improved pushover analy-

sis procedure based on structural dynamics theory that retains the conceptual simplicity and
computational attractiveness of the procedure with invariant force distribution—now common
in structural engineering practice. First, we develop a modal pushover analysis (MPA) pro-
cedure for linearly elastic buildings and demonstrate that it is equivalent to the well-known
response spectrum analysis (RSA) procedure. The MPA procedure is then extended to inelas-
tic buildings, the underlying assumptions and approximations are identi?ed, and the errors in
the procedure relative to a rigorous non-linear RHA are documented.

DYNAMIC AND PUSHOVER ANALYSIS PROCEDURES: ELASTIC BUILDINGS

Modal response history analysis

The di<erential equations governing the response of a multistorey building to horizontal earth-
quake ground motion Oug(t) are as follows:

m Ou+ cu̇+ ku=−m� Oug(t) (1)

where u is the vector of N lateral Soor displacements relative to the ground, m; c; and k are
the mass, classical damping, and lateral sti<ness matrices of the systems; each element of the
inSuence vector � is equal to unity.
The right-hand side of Equation (1) can be interpreted as e<ective earthquake forces:

pe< (t)=−m� Oug(t) (2)

The spatial distribution of these e<ective forces over the height of the building is de?ned by
the vector s=m� and their time variation by Oug(t). This force distribution can be expanded

Copyright ? 2001 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2002; 31:561–582



ESTIMATING SEISMIC DEMANDS FOR BUILDINGS 563

as a summation of modal inertia force distribution sn [17, Section 13:2]:

m�=
N∑
n=1
sn=

N∑
n=1

TnmMn (3)

where Mn is the nth natural vibration mode of the structure, and

Tn=
Ln
Mn
; Ln=MTnm�; Mn=MTnmMn (4)

The e<ective earthquake forces can then be expressed as

pe< (t)=
N∑
n=1
pe< ; n(t)=

N∑
n=1

− sn Oug(t) (5)

The contribution of the nth mode to s and to pe< (t) are:

sn =TnmMn (6a)

pe< ; n(t) =−sn Oug(t) (6b)

The response of the MDF system to pe< ; n(t) is entirely in the nth-mode, with no contribu-
tions from other modes. Then the Soor displacements are

un(t)=Mnqn(t) (7)

where the modal co-ordinate qn(t) is governed by

Oqn + 2�n!nq̇n +!
2
nqn=−Tn Oug(t) (8)

in which !n is the natural vibration frequency and �n is the damping ratio for the nth mode.
The solution qn of Equation (8) is given by

qn(t)=TnDn(t) (9)

where Dn(t) is governed by the equation of motion for the nth-mode linear SDF system, an
SDF system with vibration properties—natural frequency !n and damping ratio �n—of the
nth-mode of the MDF system, subjected to Oug(t):

ODn + 2�n!nḊn +!2
nDn=− Oug(t) (10)

Substituting Equation (9) into Equation (7) gives the Soor displacements

un(t)=TnMnDn(t) (11)

Any response quantity r(t)—storey drifts, internal element forces, etc.—can be expressed as

rn(t)= r stn An(t) (12)

where r stn denotes the modal static response, the static value of r due to external forces sn,
and

An(t)=!2
nDn(t) (13)
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(a) Static Analysis of
Structure

(b) Dynamic Analysis of
SDF System

Forces
sn
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Figure 1. Conceptual explanation of modal RHA of elastic MDF systems.

is the pseudo-acceleration response of the nth-mode SDF system [17, Section 13:1]. The
two analyses that lead to r stn and An(t) are shown schematically in Figure 1. Equations (11)
and (12) represent the response of the MDF system to pe< ; n(t) [Equation (6b)]. Therefore,
the response of the system to the total excitation pe< (t) is

u(t) =
N∑
n=1
un(t)=

N∑
n=1

TnMnDn(t) (14)

r(t) =
N∑
n=1
rn(t)=

N∑
n=1
r stn An(t) (15)

This is the classical modal RHA procedure: Equation (8) is the standard modal equation
governing qn(t), Equations (11) and (12) de?ne the contribution of the nth-mode to the
response, and Equations (14) and (15) reSect combining the response contributions of all
modes. However, these standard equations have been derived in an unconventional way. In
contrast to the classical derivation found in textbooks (e.g. Reference [17, Sections 12:4
and 13:1:3]), we have used the modal expansion of the spatial distribution of the e<ective
earthquake forces. This concept will provide a rational basis for the MPA procedure developed
later.

Modal response spectrum analysis

The peak value rno of the nth-mode contribution rn(t) to response r(t) is determined from

rno= r stn An (16)

where An is the ordinate A(Tn; �n) of the pseudo-acceleration response (or design) spectrum
for the nth-mode SDF system, and Tn=2�=!n is the nth natural vibration period of the MDF
system.
The peak modal responses are combined according to the square-root-of-sum-of-squares

(SRSS) or the complete quadratic combination (CQC) rules. The SRSS rule, which is valid for
structures with well-separated natural frequencies such as multistorey buildings with symmetric
plan, provides an estimate of the peak value of the total response:

ro≈
(

N∑
n=1
r2no

)1=2

(17)
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Modal pushover analysis

To develop a pushover analysis procedure consistent with RSA, we observe that static analysis
of the structure subjected to lateral forces

fno=TnmMnAn (18)

will provide the same value of rno, the peak nth-mode response as in Equation (16) [17,
Section 13:8:1]. Alternatively, this response value can be obtained by static analysis of the
structure subjected to lateral forces distributed over the building height according to

s∗n=mMn (19)

with the structure pushed to the roof displacement, urno, the peak value of the roof displacement
due to the nth-mode, which from Equation (11) is

urno=Tn�rnDn (20)

where Dn=An=!2
n ; obviously Dn or An are readily available from the response (or design)

spectrum.
The peak modal responses rno, each determined by one pushover analysis, can be combined

according to Equation (17) to obtain an estimate of the peak value ro of the total response.
This MPA for linearly elastic systems is equivalent to the well-known RSA procedure.

DYNAMIC AND PUSHOVER ANALYSIS PROCEDURES: INELASTIC BUILDINGS

Response history analysis

For each structural element of a building, the initial loading curve can be idealized appropri-
ately (e.g. bilinear with or without degradation) and the unloading and reloading curves di<er
from the initial loading branch. Thus, the relations between lateral forces fs at the N Soor
levels and the lateral displacements u are not single-valued, but depend on the history of the
displacements:

fs= fs(u; sign u̇) (21)

With this generalization for inelastic systems, Equation (1) becomes

m Ou+ cu̇+ fs(u; sign u̇)=−m� Oug(t) (22)

The standard approach is to directly solve these coupled equations, leading to the ‘exact’
non-linear RHA.
Although classical modal analysis is not valid for inelastic systems, it will be used next

to transform Equation (22) to the modal co-ordinates of the corresponding linear system.
Each structural element of this elastic system is de?ned to have the same sti<ness as the
initial sti<ness of the structural element of the inelastic system. Both systems have the same
mass and damping. Therefore, the natural vibration periods and modes of the corresponding
linear system are the same as the vibration properties of the inelastic system undergoing small
oscillations (within the linear range).
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Expanding the displacements of the inelastic system in terms of the natural vibration modes
of the corresponding linear system, we get

u(t)=
N∑
n=1
Mnqn(t) (23)

Substituting Equation (23) into Equation (22), premultiplying by MTn , and using the mass- and
classical damping-orthogonality property of modes gives

Oqn + 2�n!nq̇n +
Fsn
Mn

=−Tn Oug(t); n=1; 2; : : : ; N (24)

where the only term that di<ers from Equation (8) involves

Fsn=Fsn(q; sign q̇)=MTnfs(u; sign u̇) (25)

This resisting force depends on all modal co-ordinates qn(t), implying coupling of modal
co-ordinates because of yielding of the structure.
Equation (24) represents N equations in the modal co-ordinates qn. Unlike Equation (8)

for linearly elastic systems, these equations are coupled for inelastic systems. Simultaneously
solving these coupled equations and using Equation (23) will, in principle, give the same
results for u(t) as obtained directly from Equation (22). However, Equation (24) is rarely
used because it o<ers no particular advantage over Equation (22).

Uncoupled modal response history analysis

Neglecting the coupling of the N equations in modal co-ordinates [Equation (24)] leads to
the uncoupled modal response history analysis (UMRHA) procedure. This approximate RHA
procedure was used as a basis for developing an MPA procedure for inelastic systems.
The spatial distribution s of the e<ective earthquake forces is expanded into the modal

contributions sn according to Equation (3), where Mn are now the modes of the corresponding
linear system. The equations governing the response of the inelastic system to pe< ; n(t) given
by Equation (6b) are

m Ou+ cu̇+ fs(u; sign u̇)=−sn Oug(t) (26)

The solution of Equation (26) for inelastic systems will no longer be described by Equation (7)
because ‘modes’ other than the nth-‘mode’ will also contribute to the solution. However,
because for linear systems qr(t)=0 for all modes other than the nth-mode, it is reasonable
to expect that the nth-‘mode’ should be dominant even for inelastic systems.
This assertion is illustrated numerically in Figure 2 for a 9-storey SAC steel building

described in Appendix A. Equation (26) was solved by non-linear RHA, and the resulting roof
displacement history was decomposed into its ‘modal’ components. The beams in all storeys
except two yield when subjected to the strong excitation of 1:5×El Centro ground motion,
and the modes other than the nth-mode contribute to the response. The second and third
modes start responding to excitation pe< ;1(t) the instant the structure ?rst yields at about 5:2s;
however, their contributions to the roof displacement are only 7 and 1 per cent, respectively, of
the ?rst mode response [Figure 2(a)]. The ?rst and third modes start responding to excitation
pe< ;2(t) the instant the structure ?rst yields at about 4:2 s; however, their contributions to
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Figure 2. Modal decomposition of the roof displacement for ?rst three modes due to 1:5×El
Centro ground motion: (a) pe< ; 1(t)= − s1 × 1:5×El Centro; (b) pe< ; 2(t)= − s2 × 1:5×El

Centro ground motion.

the roof displacement of the second mode response (Figure 2(b)) are 12 and 7 per cent,
respectively, of the second mode response [Figure 2(b)].
Approximating the response of the structure to excitation pe< ; n(t) by Equation (7), substi-

tuting Equation (7) into Equation (26), and premultiplying by MTn gives Equation (24) except
for the important approximation that Fsn now depends only on one modal co-ordinate, qn:

Fsn=Fsn(qn; sign q̇n)=MTnfs(qn; sign q̇n) (27)

With this approximation, the solution of Equation (24) can be expressed by Equation (9),
where Dn(t) is governed by

ODn + 2�n!nḊn +
Fsn
Ln

=− Oug(t) (28)

and

Fsn=Fsn(Dn; sign Ḋn)=MTnfs(Dn; sign Ḋn) (29)

is related to Fsn(qn; sign q̇n) because of Equation (9).
Equation (28) may be interpreted as the governing equation for the nth-‘mode’ inelastic

SDF system, an SDF system with (1) small amplitude vibration properties—natural frequency
!n and damping ratio �n—of the nth-mode of the corresponding linear MDF system; and (2)
Fsn=Ln–Dn relation between resisting force Fsn=Ln and modal co-ordinate Dn de?ned by Equation
(29). Although Equation (24) can be solved in its original form, Equation (28) can be solved
conveniently by standard software because it is of the same form as the standard equation
for an SDF system, and the peak value of Dn(t) can be estimated from the inelastic response
(or design) spectrum [17, Sections 7:6 and 7:12:1]. Introducing the nth-‘mode’ inelastic SDF
system also permitted extension of the well-established concepts for elastic systems to inelastic
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(a) Static Analysis of
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(b) Dynamic Analysis of
Inelastic SDF System
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Figure 3. Conceptual explanation of uncoupled modal RHA of inelastic MDF systems.

systems; compare Equations (24) and (28) to Equations (8) and (10), and note that Equation
(9) applies to both systems.‡

Solution of the non-linear Equation (28) formulated in this manner provides Dn(t), which
when substituted into Equation (11) gives the Soor displacements of the structure associated
with the nth-‘mode’ inelastic SDF system. Any Soor displacement, storey drift, or another
deformation response quantity rn(t) is given by Equations (12) and (13), where An(t) is now
the pseudo-acceleration response of the nth-‘mode’ inelastic SDF system. The two analy-
ses that lead to r stn and An(t) for the inelastic system are shown schematically in Figure 3.
Equations (12) and (13) now represent the response of the inelastic MDF system to pe< ; n(t),
the nth-mode contribution to pe< (t). Therefore, the response of the system to the total exci-
tation pe< (t) is given by Equations (14) and (15). This is the UMRHA procedure.

Underlying assumptions and accuracy. Using the 3:0×El Centro ground motion for both
analyses, the approximate solution of Equation (26) by UMRHA is compared with the ‘exact’
solution by non-linear RHA. This intense excitation was chosen to ensure that the structure
is excited well beyond its linear elastic limit. Such comparison for roof displacement and
top-storey drift is presented in Figures 4 and 5, respectively. The errors are slightly larger
in drift than in displacement, but even for this very intense excitation, the errors in either
response quantity are only a few per cent.
These errors arise from the following assumptions and approximations: (i) the coupling

between modal co-ordinates qn(t) arising from yielding of the system [recall Equations (24)
and (25)] is neglected; (ii) the superposition of responses to pe< ; n(t) (n=1; 2; : : : ; N ) according
to Equation (15) is strictly valid only for linearly elastic systems; and (iii) the Fsn=Ln–Dn
relation is approximated by a bilinear curve to facilitate solution of Equation (28) in UMRHA.
Although approximations are inherent in this UMRHA procedure, when specialized for linearly
elastic systems it is identical to the RHA procedure described earlier for such systems. The
overall errors in the UMRHA procedure are documented in the examples presented in a later
section.

Properties of the nth-mode inelastic SDF system. How is the Fsn=Ln–Dn relation to be
determined in Equation (28) before it can be solved? Because Equation (28) governing Dn(t)
is based on Equation (7) for Soor displacements, the relationship between lateral forces fs

‡ Equivalent inelastic SDF systems have been de?ned di<erently by other researchers [18; 19].
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Figure 4. Comparison of an approximate roof displacement from UMRHA with exact
solution by non-linear RHA for pe< ; n(t)= − sn Oug(t); n=1; 2 and 3, where Oug(t)=

3:0×El Centro ground motion.
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Figure 5. Comparison of approximate storey drift from UMRHA with exact solution by non-linear
RHA for pe< ; n(t)= − sn Oug(t), n=1; 2 and 3, where Oug(t)=3:0×El Centro motion.

and Dn in Equation (29) should be determined by non-linear static analysis of the structure
as the structure undergoes displacements u=DnMn with increasing Dn. Although most com-
mercially available software cannot implement such displacement-controlled analysis, it can
conduct a force-controlled non-linear static analysis with an invariant distribution of lateral
forces. Therefore, we impose this constraint in developing the UMRHA procedure in this
section and MPA in the next section.
What is an appropriate invariant distribution of lateral forces to determine Fsn? For an

inelastic system no invariant distribution of forces can produce displacements proportional
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Figure 6. Properties of the nth-‘mode’ inelastic SDF system from the pushover curve.

to Mn at all displacements or force levels. However, before any part of the structure yields,
the only force distribution that produces displacements proportional to Mn is given by Equa-
tion (19). Therefore, this distribution seems to be a rational choice—even after the structure
yields—to determine Fsn in Equation (29). When implemented by commercially available soft-
ware, such non-linear static analysis provides the so-called pushover curve, which is di<erent
than the Fsn=Ln–Dn curve. The structure is pushed using the force distribution of Equation
(19) to some predetermined roof displacement, and the base shear Vbn is plotted against roof
displacement urn. A bilinear idealization of this pushover curve for the nth-‘mode’ is shown
in Figure 6(a). At the yield point, the base shear is Vbny and roof displacement is urny.
How to convert this Vbn–urn pushover curve to the Fsn=Ln–Dn relation? The two sets of

forces and displacements are related as follows:

Fsn=
Vbn
Tn
; Dn=

urn
Tn�rn

(30)

Equation (30) enables conversion of the pushover curve to the desired Fsn=Ln–Dn relation
shown in Figure 5(b), where the yield values of Fsn=Ln and Dn are

Fsny
Ln

=
Vbny
M ∗
n
; Dny =

urny
Tn�rn

(31)

in which M ∗
n =LnTn is the e<ective modal mass [17, Section 13:2:5]. The two are related

through

Fsny
Ln

=!2
nDny (32)

implying that the initial slope of the bilinear curve in Figure 6(b) is !2
n . Knowing Fsny=Ln

and Dny from Equation (31), the elastic vibration period Tn of the nth-‘mode’ inelastic SDF
system is computed from

Tn=2�
(
LnDny
Fsny

)1=2

(33)
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This value of Tn, which may di<er from the period of the corresponding linear system, should
be used in Equation (28). In contrast, the initial slope of the pushover curve in Figure 6(a)
is kn=!2

nLn, which is not a meaningful quantity.

Modal pushover analysis

Next a pushover analysis procedure is presented to estimate the peak response rno of the
inelastic MDF system to e<ective earthquake forces pe< ; n(t). Consider a non-linear static
analysis of the structure subjected to lateral forces distributed over the building height ac-
cording to s∗n [Equation (19)] with structure pushed to the roof displacement urno. This value
of the roof displacement is given by Equation (20) where Dn, the peak value of Dn(t), is now
determined by solving Equation (28), as described earlier; alternatively, it can be determined
from the inelastic response (or design) spectrum [17, Sections 7:6 and 7:12]. At this roof dis-
placement, the pushover analysis provides an estimate of the peak value rno of any response
rn(t): Soor displacements, storey drifts, joint rotations, plastic hinge rotations, etc.

This pushover analysis, although somewhat intuitive for inelastic buildings, seems rational
for two reasons. First, pushover analysis for each ‘mode’ provides the exact modal response
for elastic buildings and the overall procedure, as demonstrated earlier, provides results that
are identical to the well-known RSA procedure. Second, the lateral force distribution used
appears to be the most rational choice among all invariant distribution of forces.
The response value rno is an estimate of the peak value of the response of the inelastic

system to pe< ; n(t), governed by Equation (26). As shown earlier for elastic systems, rno also
represents the exact peak value of the nth-mode contribution rn(t) to response r(t). Thus, we
will refer to rno as the peak ‘modal’ response even in the case of inelastic systems.
The peak ‘modal’ responses rno, each determined by one pushover analysis, is combined

using an appropriate modal combination rule, e.g. Equation (17), to obtain an estimate of the
peak value ro of the total response. This application of modal combination rules to inelastic
systems obviously lacks a theoretical basis. However, it provides results for elastic buildings
that are identical to the well-known RSA procedure described earlier.

COMPARATIVE EVALUATION OF ANALYSIS PROCEDURES

The ‘exact’ response of the 9-storey SAC building described earlier is determined by the
two approximate methods, UMRHA and MPA, and compared with the ‘exact’ results of a
rigorous non-linear RHA using the DRAIN-2DX computer program [20]. Gravity-load (and
P-delta) e<ects are excluded from all analyses presented in this paper. However, these e<ects
were included in Chopra and Goel [21]. To ensure that this structure responds well into the
inelastic range, the El Centro ground motion is scaled up a factor varying from 1.0 to 3.0.
The ?rst three vibration modes and periods of the building for linearly elastic vibration are
shown in Figure 7. The vibration periods for the ?rst three modes are 2.27, 0.85, and 0.49 s,
respectively. The force distribution s∗n for the ?rst three modes are shown in Figure 8. These
force distributions will be used in the pushover analysis to be presented later.

Uncoupled modal response history analysis

The structural response to 1:5× the El Centro ground motion including the response
contributions associated with three ‘modal’ inelastic SDF systems, determined by the UMRHA
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Figure 8. Force distributions s∗n =mMn; n=1; 2 and 3.

procedure, is presented next. Figure 9 shows the individual ‘modal’ responses, the combined
response due to three ‘modes’, and the ‘exact’ values from non-linear RHA for the roof dis-
placement and top-storey drift. The peak values of response are as noted; in particular, the
peak roof displacement due to each of the three ‘modes’, is ur10 = 48:3 cm, ur20 = 11:7 cm
and ur30 = 2:53 cm. The peak values of Soor displacements and storey drifts including one,
two, and three modes are compared with the ‘exact’ values in Figure 10 and the errors in the
approximate results are shown in Figure 11.
Observe that errors tend to decrease as response contributions of more ‘modes’ are included,

although the trends are not as systematic as when the system remained elastic [22]. This is
to be expected because in contrast to classical modal analysis, the UMRHA procedure lacks
a rigorous theory. This de?ciency also implies that, with, say, three ‘modes’ included, the
response is much less accurate if the system yields signi?cantly versus if the system remains
within the elastic range [22]. However, for a ?xed number of ‘modes’ included, the errors in
storey drifts are larger compared to Soor displacements, just as for elastic systems.
Next we investigate how the errors in the UMRHA vary with the deformation demands

imposed by the ground motion, in particular, the degree to which the system deforms beyond
its elastic limit. For this purpose the UMRHA and exact analyses were repeated for ground
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Figure 9. Response histories of roof displacement and top-storey drift due to 1:5×El Centro
ground motion: individual ‘modal’ responses and combined response from UMRHA, and total

response from non-linear RHA.
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Figure 10. Height-wise variation of Soor displacements and storey drift ratios from UMRHA and
non-linear RHA for 1:5×El Centro ground motion.

motions of varying intensity. These excitations were de?ned by the El Centro ground motion
multiplied by 0.25, 0.5, 0.75, 0.85, 1.0, 1.5, 2.0, and 3.0. For each excitation, the errors in
responses computed by UMRHA including three ‘modes’ relative to the ‘exact’ response were
determined.
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Figure 11. Height-wise variation of error in Soor displacements and storey drifts estimated by UMRHA
including one, two or three ‘modes’ for 1:5×El Centro ground motion.
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Figure 12. Errors in UMRHA as a function of ground motion intensity:
(a) Soor displacements; and (b) storey drifts.

Figure 12 summarizes the error in UMRHA as a function of ground motion intensity,
indicated by a ground motion multiplier. Shown is the error in each Soor displacement [Figure
12(a)], in each storey drift [Figure 12(b)], and the error envelope for each case. To interpret
these results, it will be useful to know the deformation of the system relative to its yield
deformation. For this purpose, pushover curves using force distributions s∗n [Equation (19)]
for the ?rst three modes of the system are shown in Figure 13, with the peak displacement
of each ‘modal’ SDF system noted for each ground motion multiplier. Two versions of the
pushover curve are included: the actual curve and its idealized bilinear version. The location
of plastic hinges and their rotations, determined from ‘exact’ analyses, were noted but not
shown here.
Figure 12 permits the following observations regarding the accuracy of the UMRHA

procedure: the errors (i) are small (less than 5 per cent) for ground motion multipliers up
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Figure 13. ‘Modal’ pushover curves with peak roof displacements identi?ed for 0.25, 0.5, 0.75, 1.0,
1.5, 2.0, and 3:0×El Centro ground motion.

to 0.75; (ii) increase rapidly as the ground motion multiplier increases to 1.0; (iii) maintain
roughly similar values for more intense ground motions; and (iv) are larger in storey drifts
compared to Soor displacements. Up to ground motion multiplier 0.75, the system remains
elastic and the errors in truncating the higher mode contributions are negligible. Additional
errors are introduced in UMRHA of systems responding beyond the linearly elastic limit for
at least two reasons. First, as mentioned earlier, UMRHA lacks a rigorous theory and is based
on several approximations. Second, the pushover curve for each ‘mode’ is idealized by a bi-
linear curve in solving Equation (28) for each ‘modal’ inelastic SDF system (Figures 6 and
13). The idealized curve for the ?rst ‘mode’ deviates most from the actual curve near the
peak displacement corresponding to ground motion multiplier 1.0. This would explain why
the errors are large at this excitation intensity; although the system remains essentially elastic;
the ductility factor for the ?rst mode system is only 1.01 [Figure 13(a)]. For more intense
excitations, the ?rst reason mentioned above seems to be the primary source for the errors.

Modal pushover analysis

The MPA procedure, considering the response due to the ?rst three ‘modes’, was imple-
mented for the selected building subjected to 1:5× the El Centro ground motion. The struc-
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Figure 14. Height-wise variation of Soor displacements and storey drift ratios from
MPA and non-linear RHA for 1:5×El Centro ground motion; shading indicates errors

in MPA including three ‘modes’.

ture is pushed using the force distribution of Equation (19) with n=1; 2 and 3 (Figure 8)
to roof displacements urno=48:3, 11.7 and 2:53 cm, respectively, the values determined by
RHA of the nth-mode inelastic SDF system (Figure 9). Each of these three pushover analyses
provides the pushover curve (Figure 13) and the peak values of modal responses. Because
this building is unusually strong—its yield base shear =16:8 per cent of the building weight
[Figure 13(a)]—the displacement ductility demand imposed by three times the El Centro
ground motion is only slightly larger than 2. Figure 14 presents estimates of the combined re-
sponse according to Equation (17), considering one, two, and three ‘modes’, respectively, and
Figure 15 shows the errors in these estimates relative to the exact response from non-linear
RHA. The errors in the modal pushover results for two or three modes included are generally
signi?cantly smaller than in UMRHA (compare Figures 15 and 11). Obviously, the additional
errors due to the approximation inherent in modal combination rules tend to cancel out the
errors due to the various approximation contained in the UMRHA. The ?rst ‘mode’ alone is
inadequate, especially in estimating the storey drifts (Figure 14). Signi?cant improvement is
achieved by including response contributions due to the second ‘mode’, however, the third
‘mode’ contributions do not seem especially important (Figure 14). As shown in Figure 15(a),
MPA including three ‘modes’ underestimates the displacements of the lower Soors by up to
8 per cent and overestimates the upper Soor displacements by up to 14 per cent. The drifts
are underestimated by up to 13 per cent in the lower storeys, overestimated by up to 18 per
cent in the middle storeys, and are within a few per cent of the exact values for the upper
storeys [Figure 15(b)].
The errors are especially large in the hinge plastic rotations estimated by the MPA pro-

cedures, even if three ‘modes’ are included [Figure 15(c)]; although the error is recorded as
100 per cent if MPA estimates zero rotation when the non-linear RHA computes a non-zero
value, this error is not especially signi?cant because the hinge plastic rotation is very small.
Observe that the primary contributor to plastic rotations of hinges in the lower storeys is the
?rst ‘mode’, in the upper storeys it is the second ‘mode’; the third ‘mode’ does not contribute
because this SDF system remains elastic [Figure 13(c)].
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Figure 15. Errors in Soor displacements, storey drifts, and hinge plastic rotations estimated by MPA
including one, two and three ‘modes’ for 1:5×El Centro ground motion.

The locations of plastic hinges shown in Figure 16 were determined by four analyses:
MPA considering one ‘mode’, two ‘modes’, and three ‘modes’; and non-linear RHA. One
‘mode’ pushover analysis is unable to identify the plastic hinges in the upper storeys where
higher mode contributions to response are known to be more signi?cant. The second ‘mode’
is necessary to identify hinges in the upper storeys, however, the results are not always
accurate. For example, the hinges identi?ed in beams at the sixth Soor are at variance with
the ‘exact’ results. Furthermore, MPA failed to identify the plastic hinges at the column bases
in Figure 16, but was successful when the excitation was more intense.
Figure 17 summarizes the error in MPA considering three ‘modes’ as a function of ground

motion intensity, indicated by a ground motion multiplier. Shown is the error in each Soor
displacement [Figure 17(a)], each storey drift [Figure 17(b)], and the error envelope for each
case. While various sources of errors in UMRHA also apply to MPA, the errors in MPA
are fortuitously smaller than in UMRHA (compare Figures 17 and 12) for ground motion
multipliers larger than 1.0, implying excitations intense enough to cause signi?cant yielding
of the structure. However, errors in MPA are larger for ground motion multipliers less than
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Figure 16. Locations of plastic hinges determined by MPA considering one, two and three ‘modes’ and
by non-linear RHA for 1:5×El Centro ground motion.
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Figure 17. Errors in MPA as a function of ground motion intensity: (a) Soor
displacements; and (b) storey drifts.
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0.75, implying excitations weak enough to limit the response in the elastic range of the
structure. Here, UMRHA is essentially exact, whereas MPA contains errors inherent in modal
combination rules.
The errors are only weakly dependent on ground motion intensity (Figure 17), an observa-

tion with practical implications. As mentioned earlier, the MPA procedure for elastic systems
(or weak ground motions) is equivalent to the RSA procedure—now standard in engineering
practice—implying that the modal combination errors contained in these procedures are ac-
ceptable. The fact that MPA is able to estimate the response of buildings responding well into
the inelastic range to a similar degree of accuracy indicates that this procedure is accurate
enough for practical application in building retro?t and design.

CONCLUSIONS

This investigation aimed to develop an improved pushover analysis procedure based on struc-
tural dynamics theory, which retains the conceptual simplicity and computational attractiveness
of current procedures with invariant force distribution now common in structural engineering
practice. It has led to the following conclusions:
The standard response spectrum analysis for elastic multistorey buildings can be reformu-

lated as a modal pushover analysis (MPA). The peak response of the elastic structure due to its
nth vibration mode can be exactly determined by pushover analysis of the structure subjected
to lateral forces distributed over the height of the building according to s∗n=mMn, where m
is the mass matrix and Mn its nth-mode, and the structure is pushed to the roof displacement
determined from the peak deformation Dn of the nth-mode elastic SDF system; Dn is available
from the elastic response (or design) spectrum. Combining these peak modal responses by an
appropriate modal combination rule (e.g. SRSS rule) leads to the MPA procedure.
The MPA procedure developed to estimate the seismic demands on inelastic systems is

organized in two phases: First, a pushover analysis is used to determine the peak response rno
of the inelastic MDF system to individual terms, pe< ; n(t)=−sn Oug(t), in the modal expansion of
the e<ective earthquakes forces, pe< (t)=−m� Oug(t). The base shear–roof displacement (Vbn −
urn) curve is developed from a pushover analysis for the force distribution s∗n. This pushover
curve is idealized as a bilinear force–deformation relation for the nth-‘mode’ inelastic SDF
system (with vibration properties in the linear range that are the same as those of the nth-
mode elastic SDF system), and the peak deformation of this SDF system—determined by non-
linear response history analysis (RHA) or from the inelastic response or design spectrum—is
used to determine the target value of roof displacement at which the seismic response rno is
determined by the pushover analysis. Second, the total demand ro is determined by combining
the rno (n=1; 2; : : :) according to an appropriate modal combination rule (e.g. SRSS rule).

Comparing the peak inelastic response of a 9-storey SAC steel building determined by
the approximate MPA procedure—including only the ?rst two or three rno terms—with non-
linear RHA demonstrated that the approximate procedure provided good estimates of Soor
displacements and storey drifts, and identi?ed locations of most plastic hinges; however,
plastic hinge rotations were less accurate. Based on results presented for El Centro ground
motion scaled by factors varying from 0.25 to 3.0, MPA estimates the response of buildings
responding well into the inelastic range to similar degree of accuracy as standard RSA is
capable of estimating peak response of elastic systems. Thus, the MPA procedure is accurate
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enough for practical application in building evaluation and design. That said, however, all
pushover analysis procedures considered do not seem to compute accurately local response
quantities, such as hinge plastic rotations.
Thus the structural engineering profession should examine the present trend of comparing

computed hinge plastic rotations against rotation limits established in FEMA-273 to judge
structural performance. Perhaps structural performance evaluation should be based on storey
drifts that are known to be closely related to damage and can be estimated to a higher degree
of accuracy by pushover analyses. While pushover estimates for Soor displacements are even
more accurate, they are not good indicators of damage.
This paper has focused on developing an MPA procedure and its initial evaluation in

estimating the seismic demands on a building imposed by a selected ground motion, with the
excitation scaled to cover a wide range of ground motion intensities and building response.
This new method for estimating seismic demands at low performance levels, such as life
safety and collapse prevention, should obviously be evaluated for a wide range of buildings
and ground motion ensembles. Work along these lines is in progress.

APPENDIX A: SAC STEEL BUILDING

The 9-storey structure, shown in Figure A1, was designed by Brandow & Johnston Asso-
ciates§ for the SAC¶ Phase II Steel Project. Although not actually constructed, this struc-
ture meets seismic code requirements of the 1994 UBC and represents typical medium-rise
buildings designed for the Los Angeles, California, region.
A benchmark structure for the SAC project, this building is 45:73 m (150 ft) by 45:73 m

(150 ft) in plan, and 37:19 m (122 ft) in elevation. The bays are 9:15 m (30 ft) on centre, in
both directions, with ?ve bays each in the north–south (N–S) and east–west (E–W) directions.
The building’s lateral force-resisting system is composed of steel perimeter moment-resisting
frames (MRF). To avoid biaxial bending in corner columns, the exterior bay of the MRF has
only one moment-resisting connection. The interior bays of the structure contain frames with
simple (shear) connections. The columns are 345MPa (50 ksi) steel wide-Sange sections. The
levels of the 9-storey building are numbered with respect to the ground level (see Figure A1)
with the ninth level being the roof. The building has a basement level, denoted B-1. Typical
Soor-to-Soor heights (for analysis purposes measured from centre-of-beam to centre-of-beam)
are 3:96 m (13 ft). The Soor-to-Soor height of the basement level is 3:65 m (12 ft) and for
the ?rst Soor is 5:49 m (18 ft).
The column lines employ two-tier construction, i.e. monolithic column pieces are connected

every two levels beginning with the ?rst level. Column splices, which are seismic (tension)
splices to carry bending and uplift forces, are located on the ?rst, third, ?fth, and seventh
levels at 1.83 m (6 ft) above the centreline of the beam to column joint. The column bases are
modelled as pinned and secured to the ground (at the B-1 level). Concrete foundation walls
and surrounding soil are assumed to restrain the structure at the ground level from horizontal
displacement.

§ Brandow & Johnston Associates, Consulting Structural Engineers, 1660 W. Third St., Los Angeles, CA 90017.
¶ SAC is a joint venture of three non-pro?t organizations: The Structural Engineers Association of Califor-
nia (SEAOC), the Applied Technology Council (ATC), and California Universities for Research in Earthquake
Engineering (CUREE). SAC Steel Project Technical OWce, 1301 S. 46th Street, Richmond, CA 94804-4698.
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Figure A1. Nine-storey building (adapted from Reference [23]).

The Soor system is composed of 248 MPa (36 ksi) steel wide-Sange beams in acting
composite action with the Soor slab. The seismic mass of the structure is due to vari-
ous components of the structure, including the steel framing, Soor slabs, ceiling=Sooring,
mechanical=electrical, partitions, roo?ng and a penthouse located on the roof. The seismic
mass of the ground level is 9:65× 105 kg (66:0 kips-s2=ft), for the ?rst level is 1:01× 106 kg
(69:0 kips-s2=ft), for the second through eighth levels is 9:89× 105 kg (67:7 kips-s2=ft), and
for the ninth level is 1:07× 106 kg (73:2 kips-s2=ft). The seismic mass of the above ground
levels of the entire structure is 9:00× 106 kg (616 kips-s2=ft).

The two-dimensional building model consists of the perimeter N–S MRF (Figure A1),
representing half of the building in the N–S direction. The frame is assigned half of the
seismic mass of the building at each Soor level. The model is implemented in DRAIN-2DX
[20] using the M1 model developed by Gupta and Krawinkler [7]. The MI model is based on
centreline dimensions of the bare frame in which beams and columns extend from centreline
to centreline. The strength, dimension, and shear distortion of panel zones are neglected but
large deformation (P–X) e<ects are included. The simple model adopted here is suWcient
for the objectives of this study; if desired, more complex models, such as those described in
Reference [7], can be used.
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